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Introduction
In this note we consider the η-form of a family of Dirac operators D(b), b ∈ B, on the interval [0, 1] over a base space B. The η-form was introduced by Bismut-Cheeger [2] as the boundary contribution to the local index theorem for families of Dirac operators. In our case the operator D(b) depends on b ∈ B only through the boundary conditions. If B is a point, then the η-form reduces to the usual η-invariant of D which was explicitly calculated by Lesch-Wojciechowski [7] . In [4] we found a relation between the η-invariant and the Maslov index. The Maslov index was first introduced in Wall [10] as a measure of the non-additivity under gluing of the signature of manifolds with boundary. This non-additivity was generalized to arbitrary Dirac operators in [4] .
In the present note we relate the η-form with a family version of the Maslov index. The family version of the Maslov index conjecturally plays the same role in the non-additivity of the family index of families of Dirac operators on manifolds with cylindrical ends (or APS-boundary conditions) as the usual Maslov index does for the usual index.
Let V be a finite-dimensional Hilbert space equipped with a hermitean symplectic structure Ω (this just means that ıΩ is a non-degenerate hermitean form of index (l, l), 
and if we define the cohomology class The proof of the theorem is based on a local index theorem for families of Dirac operators on manifolds with cylindrical ends and boundaries with local boundary condition.
Instead of saying how the existing proofs Bismut-Cheeger [2] , Melrose-Piazza [9] should be modified in order to include the additional boundaries we prefer to work out again the essential arguments. Our approach is modelled on the b-calculus proof of [9] , but is more direct and might be of independent interest.
2 Definition of η(L 0 , L 1 )
Let V be a finite-dimensional complex Hilbert space with scalar product (., .). Let I ∈ End(V ) be a complex structure, i.e. We now turn to families. Let B be some manifold. We consider a pair of smooth
We obtain a corresponding family {D(b)} b∈B of invertible operators.
We want to apply the superconnection formalism in order to define the η-form of that family. Since this formalism involves derivatives of the family with respect to b we prefer to work with an unitarily equivalent family {D(b)} b∈B which has the advantage that its domain is independent of b ∈ B.
The η-form is a local object with respect to the base space. In order to define it we only consider a germ of the family near a point b 0 ∈ B. Let U I (V ) denote the group of unitary operators on V which commute with I. The group U I (V ) acts transitively on the space Λ of all Lagrangian subspaces of V . Thus we can find germs of smooth families of
. We can define germs of smooth families A i (b) := log(U i (b)) of anti-hermitean matrices using the standard branch of the logarithm. Let χ i ∈ C ∞ ([0, 1]) be cut-off functions with χ 0 (t) = 1 for t < 1/5, χ 0 (t) = 0 for t > 2/5, χ 1 (t) = 1 for t > 4/5, and χ 1 (t) = 0 for t < 3/5. Then
where " ′ " denotes the derivative with respect to t. We define the selfadjoint extension of
and its domain is independent of b.
We now turn to the definition of the η-form of the family {D (b)} b∈B . Let C 1 denote the graded algebra over C generated by σ satisfying σ 2 = 1, σ * = σ, and deg(σ) = 1. Let H denote the germ at b 0 of the trivial Hilbert space bundle with fibre
We define the superconnection A s , s > 0, on H associated toD by
where d differentiates along B. Here ∇ is the canonical connection of H and
For Re(u) > 1 we can define the holomorphic family of germs of smooth, even differential forms
Here tr even σ (. . .) stands for the even form part of tr(σ . . .). As usual the asymptotic expansion of the heat kernels for small times implies that η(u) has a meromorphic continuation with respect to u to all of C having at most first order poles. Following [5] we define
where "P.F." stands for the finite part of the Laurent expansion of η(u) at u = 0. As defined above the form η(D) may depend on the choices made for the definition ofD.
But the following lemma justifies the notation η(L 0 , L 1 ) := η(D). 
The Maslov cocycle
Now we turn to the generalized Maslov index. Let {L i (b)} b∈B , i = 0, 1, 2, be smooth
be the Chern character. In the present section we prove [4] ). For an exposition of the usual Maslov index we refer to [8] ). In Proposition 4.1 below we explicitly compute the
in terms of the hermitean symplectic geometry of the
Proof. The idea of the proof is to formulate an index problem for a family of Dirac
We consider a compact oriented Riemann surface M c which is homeomorphic to a disc, and the boundary of which is the union of twelve pieces ∂ i M c , i = 0, . . . , 11. The boundary pieces are labelled in their cyclic order. We assume that ∂ i M c are isometric to the interval [0, 1], and that the boundary pieces intersect in twelve corners. We assume that the metric is product in a neighbourhood of the interior of the pieces and that neighbourhoods of the corners are isometric to a neighbourhood of the vertex of the euclidean quadrant R + ×R + .
Let M be the oriented, non-compact Riemann surface with six boundary components We consider the spinor bundle S = S + ⊕ S − of M and fix a finite-dimensional Hilbert space W of dimension dim(V )/2. We consider the graded vector bundle E = S ⊗ (W ⊕ W op ). By ∂ we denote the corresponding twisted Dirac operator. Let ∂ ± be the parts mapping sections of E ± to those of E ∓ . We formulate an index problem for ∂ + by putting
The metric of M is flat near infinity and the boundaries (the flat region). We claim that the holonomy of the parallel transport in S along ∂M c is trivial, where we consider this bundle corresponds to a rotation of −2π in the structure group. This implies the claim. We fix some point in ∂M c and identify the fibres of the bundle S near infinity and ∂M with the fibre over this point using the parallel transport. We denote this fibre by S, too. Analogously we also denote the fibre of E over this point by E.
Let (s, t) be oriented euclidean orthonormal coordinates near a point in the flat region.
Then we have ∂ = σ s ∂ s + σ t ∂ t , where σ s , σ t ∈ Hom odd (E, E) depend on the choice of coordinates. Again we consider the components σ
is invariantly defined. It satisfies I * = −1, I 2 = −1, trI = 0, and it defines a hermitean symplectic structure on E + . We fix an isometry V ∼ = E + which is compatible with the complex structures I on V and E + .
Now we introduce the family of boundary conditions defining the family
denote the space of all sections of E ± which are square integrable together with all their derivatives. We let
First we show that ∂ + (b) gives rise to a smooth family of Fredholm operators such that the index bundle is well-defined. Then we apply the superconnection formalism in order to compute the Chern character of the index bundle.
First we conjugate the family { ∂ + (b)} b∈B to a family {˜ ∂ + (b)} b∈B with constant domain. This will be done again on the level of germs at a point b 0 ∈ B. In the remainder of the present section we replace B by a sufficiently small neighbourhood of b 0 . We define a germ of a family of smooth
where A i , χ 0 were defined above. Here (s, t) are orthonormal euclidean coordinates, s being normal to the boundary given by s = 0. W + is determined by (2) near ∂M and we continue W + to the interior of M by the constant 1 ∈ U(V ). Similarly we set
is a germ of a family of (now b-dependent)
Dirac operators with domain (now independent of b) given as above by the Lagrangian 
It is easy to check that the boundary condition satisfies the condition of Lopatinski- We now apply the superconnection formalism in order to obtain a formula for the Chern character ch(index(˜ ∂ + )) of the index bundle of {˜ ∂ + (b)} b∈B . Our main goal is to work out the computation which gives the η-form as the boundary contribution to Chern character of the index bundle. We supress the standard arguments (see [1] , Ch.9.5, [9] ) which show that the small time analysis of the heat trace indeed gives a representative of the Chern form of the index bundle. In particular, we assume for simplicity that
Let ∇ denote the trivial connection on the bundle B × H. We set
Then we define the superconnection
The curvature B 2 t has the form
where R is a one-form with values in the odd endomorphisms of E. The heat operator e −B 2 t can be constructed using the Volterra series [1] , Prop.9.46. Let P t (x, y) denote the smooth integral kernel of e −B 2 t . In order to simplify the notation we omit the smooth dependence on b ∈ B.
Note that M is a manifold with a cylindrical end N × [0, ∞), where N is isometric to the disjoint union of six copies of the unit interval. Let (n, r) denote corresponding coordinates. Though e −B 2 t is not of trace class we define
We first argue that this limit exists. We claim that for some C < ∞, c > 0,
The constants C, c can be choosen uniformly for t varying in compact subsets of (0, ∞).
Consider the infinite cylinder Z := N × R. Let E Z be the bundle on Z induced by
We then obtain a translation invariant superconnection B 2 . Thus
Using standard finite-propagation speed estimates one can show that for r > 0
and this proves the claim.
LetD Z be the family of operators on N ×V induced by˜ ∂ Z . ThenD Z can be identified with the dirct sum of two copies of the direct sum of three copies ofD with boundary conditions given by the families of pairs 
In order to justify that lim v→∞ and lim u→∞ can be interchanged one can again use the comparison with the infinite cylinder Z. We use
Before justifying the transition from (3) to (4) we consider the second term of (4). Let z denote the Z 2 grading operator. By integration by parts we obtain
In order to evaluate this limit we can replace the kernel P t by P Z t . We use the Volterra series [1] , Prop.9.46, in order to compute P Z t . Note that on Z
and its follows
where ∆ k denotes the standard k-simplex. Inserting (5) we obtain
We now apply
and evaluate the result at r = s. We then obtain
Now we consider the first term of (4). By a similar computation as above one can show that on the cylinder Z
Thus on M this quantity vanishes rapidly as r → ∞. We can take Tr ′ s and
is an exact form. This finishes the proof of the lemma. 
We conclude that
exists and that
where
We now want to take the limit s → 0. 
Proof.We first show (8) . We employ finite propagation speed estimates and the comparison with the cylinder in order to show that on the end of M |tr s P t (n, r)| < Ce −r 2 /t .
The local index theorem [1] , Ch.10, gives |tr s P t (x)| = o(1) for x ∈ M since S is twisted with a bundle of the form W ⊕ W op . Both estimates together give (8). 
Now we consider (9). On the cylinder Z we have tr
The estimate (9) follows. 2 Now we can take the limit s → 0 in (7). We obtain (1) which is defined using the boundary condition given
we can write 
Proof. The proof of the proposition consists of two steps.
1. Using the K-theoretic relative index theorem [3] we reduce to an index problem for a family of Dirac operators on the disc. The parameter dependence of this family is again built in through the boundary conditions.
2. We then consider the "universal" family of such operators which is parametrized by a space which is homotopy equivalent to the space of all triples of pairwise transverse Lagrangian subspaces of V . It suffices to verify the assertion of the proposition in this special case.
First we want to compactify M by cutting off the cylindrical ends and gluing in half discs.
The resulting manifoldM is then topologically a disc. Letˆ ∂ + be the corresponding Dirac operator. We want to find a family of boundary conditions parametrized by B such that 
The space V := E + is a symplectic vector space with symplectic structure induced by
Let now L 0 , L 1 be transversal Lagrangian subspaces of V . We want to construct a family of Lagrangian subspaces L(s, t) = L(s, t)(L 0 , L 1 ) which is parametrized by (s, t) ∈ ∂Y , and which depends smoothly on
) is a smooth family of pairs of transverse Lagrangian subspaces, then we require that the index of the Dirac operator
We first setL
where n(s, t) := 2(sσ 
It is easy to check that the equality of differential operators
is compatible with the boundary conditions. This shows the claim. 2
Let Ω(x, y) = (Ix, y) be the (hermitean) symplectic form on V . Let Λ denote the
Lagrangian subspaces L ′ ∈ Λ which are transverse to L. The following discussion is parallel to that in [6] p. 117/118. Let P L ′ denote the projection from V to L ′ with kernel L. It is easy to check that Ω(P L ′ x, y) + Ω(x, P L ′ y) = Ω(x, y). We define the hermitean quadratic form
We have
Any hermitean quadratic form Q satisfying (11) determines a Lagrangian subspace L ′ such that Q = Q L ′ . In fact let P ′ be determined by Q and (10), then L ′ is just the 1-eigenspace of P ′ . Thus we can identify L L with the space of hermitean quadratic forms satisfying (11). In particular, L L is an affine space where the affine structure only depends on L.
We now can construct the desired family
and there is a natural affine path
and χ(t) = 1 near t = 1. We set L(s, t) =L(s, t) for all (s, t) ∈ ∂Y except for t = −1/2,
and depends smoothly on To be more precise let
Moreover, we use σ s : 
We use this path in order to define the boundary condition for the W ⊕ W op -twisted Dirac operatorˆ ∂ + onM . Recall that we identify V with the fibres of the bundle E + ∂M using the parallel transport along ∂M . Using the K-theoretic relative index theorem [3] it is easy to see that index(
. Indeed, the relative index theorem states that
is the W ⊕ W op -twisted Dirac operator subject to the boundary conditions given by
reasons.
Deforming the metric ofM to the standard metric of the two disc we do not change the index. Below we will assume thatM is isometric to the two disc. The parallel transport in E + along ∂M with respect to the globally flat metric gives an identification of V with the fibres of E + which is topologically different from the one used above. This fact has to be taken into account below. We have now finished the first part of the proof of the proposition.
We start with the second part. Let Λ 3 be the space of triples (L 0 , L 1 , L 2 ) of pairwise transverse Lagrangian subspaces of V . Let Sp(V ) denote the group of symplectic automorphisms of V . Note that iΩ is a non-degenerate hermitean form of signature (l, l),
The group Sp(V ) acts on Λ 3 . We claim that Λ 3 is the disjoint union of orbits of Sp(V ).
First it is easy to see that Sp(V ) acts transitively on the space Λ.
condition that L 1 is Lagrangian translates to Ω(Bx, y) + Ω(x, By) = 0 for all x, y ∈ IL 0 . This is equivalent to (BI) * = BI, where * is defined with respect to the hermitean metric of V . Thus we can parametrize L L 0 by the symmetric endomorphisms of L 0 . Writing V = L 0 ⊕ IL 0 it is easy to check that
of transverse Lagrangian subspaces.
Let G denote the stabilizer of the pair (L 0 , IL 0 ). Let j : Gl(L 0 ) → Gl(IL 0 ) denote the unique isomorphism such that
Then j(A) = −I(A −1 ) * I. If L 2 ∈ Λ is transverse to L 0 and IL 0 , then we write We now consider the orbit generated by a triple
can be identified with the subgroup of Gl(L 0 ) fixing the hermitean form on L 0 defined by BI. Let K ⊂ U denote a maximal compact subgroup. We can choose K such that it fixes the metric (., .), hence K is a subgroup of the unitary group of V .
But then it fixes I, too.
Using the explicit formulas given above one can check that the definition of the closed pathγ(L 0 , L 1 , L 2 ) only depends on I (and not on σ s , σ t or on the choice of coordinates). It
We now globally trivialize S, E using the parallel transport given by the globally flat metric ofM. Along the boundary ∂M the old and the new trivialization of S are related by a twist of −2π in the structure group of S. Note that S ± are the ±ı eigenspaces of the Clifford multiplication by the volume form ofM . The image of the pathγ(L 0 , L 1 , L 2 ) in the new trivialization can be
Let (x, y) be oriented, flat orthonormal coordinates onM and writeˆ ∂ = σ x ∂ x + σ y ∂ y .
If we let K act on E − by, say,
We now consider the family of Dirac operators parametrized by Sp(V ), given byˆ ∂ + subject to the boundary conditions Sp(V ) ∋ g → γ(gL 0 , gIL 0 , gL 2 ). This family is Kequivariant and we go over to the quotient family parametrized by Sp(V )/K which we denote byˇ ∂ + .
Let X := index(ˆ ∂ + ) ∈ R(K) be the K-equivariant index ofˆ ∂ + subject to the bound-
, where R(K) denotes the representation ring of K. We first consider the case that W ∼ = C. Thenˆ ∂ + can be expressed in terms of complex geometry. Indeed we haveˆ A one-dimensional subspace C(a, b) ⊂ V , a, b ∈ C, is Lagrangian iff |a| = |b|. We parametrize the Lagrangian subspaces of V by S 1 associating to φ ∈ S 1 the space C(φ, 1).
The space of pairwise transverse triples Λ 3 consists of two components which are distinguished by the cyclic order of the parameters φ i ∈ S 1 of L i . Let Λ 
We fix an identification
, such that the path mapped to 1 has positive orientation. We leave to the reader to compute Proof. Let n ∈ Z be represented by the path γ n (φ) = C(φ n , 1), φ ∈ S 1 . The kernel ofˆ ∂ + with boundary condition given by γ n can be identified with the space of pairs (f, g) of functions onM , where∂g = 0, ∂f = 0 and z n g(z) = f (z) at S 1 . This space is non-trivial for n ≤ 0, and it is spanned by (z −n , 1), (z −n−1 , z), . . . , (1, z −n ). One can check that (ˆ ∂ + ) * is given by
and that the boundary condition is given by the path γ n+2 . The kernel of (ˆ ∂ + ) * can be identified with the space of pairs (f, g) of functions onM with∂f = 0, ∂g = 0, and
The kernel of (ˆ ∂ + ) * is non-trivial for n ≥ 2, and it is spanned by by (z n−2 , 1), (z n−3 ,z), . . . , (1,z n−2 ). It follows that index(ˆ ∂ + ) = −n + 1. 2
We now finish the proof of Lemma 4.3 in the case W = C. We must show that the signature of the quadratic form given by BI is (1, 0) on Λ The other case is similar.
In order to complete the proof of Lemma 4.3 in the general case one reduces to the special case W = C by considering the direct sums.
2
We now finish the proof of the proposition. Let {Λ ), φ 2 := −φ 1 , i.e., l i = {(e ıφ i x, x) ∈ C 2 | x ∈ C}. Let ∂ + ± be the Dirac operator on M with boundary conditions given by the triple l 0 , l 1 , l 2 . We have index( ∂ + ± ) = ±1. This can be proved in the same way as Proposition 4.1, but the proof simplifies due to the facts that dim(V model ) = 2, and that B is a point.
We now turn to the general case. Let V be any finite dimensional Hilbert space with hermitean symplectic structure, and let {L 0 , L 1 , L 2 } b∈B be a family of pairwise transverse Lagrangian subspaces of V . Then we can write L i = {x + A i Ix | x ∈ IL 0 }, i = 1, 2, where A i are smooth symmetric bundle endomorphisms of the subbundle L 0 ⊂ B × V such that
We show that this family of triples is homotopic to a family in some standard form. 
